Abstract. A classification of partially hyperbolic diffeomorphisms on 3-dimensional manifolds with (virtually) solvable fundamental group is obtained. If such a diffeomorphism does not admit a periodic attracting or repelling two-dimensional torus, it is dynamically coherent and leaf conjugate to a known algebraic example. This classification includes manifolds which support Anosov flows, and it confirms conjectures by Rodriguez Hertz-Rodriguez Hertz-Ures ([RHRHU 2 ]) and Pujals ([BoW]) in the specific case of solvable fundamental group.
1. Introduction 1.1. Partial hyperbolicity in dimension three. Partial hyperbolicity has been widely studied in recent years not only as a generalization of uniform hyperbolicity, but also to characterize robust dynamical behaviour in terms of geometric structures invariant under the tangent map. Partially hyperbolic diffeomorphisms play a central role in both the study of stable ergodicity and robust transitivity (see [BDV, Wi] ).
The goal of this paper is to contribute to the classification problem of partially hyperbolic diffeomorphisms in dimension three. A diffeomorphism f of a 3-manifold M is partially hyperbolic if there is a splitting of the tangent bundle into three Df -invariant one-dimensional subbundles T M = E s ⊕ E c ⊕ E u such that E s is contracted by Df , E u is expanded by Df , and this dominates any expansion or contraction on E c .
The classification can be stated informally as follows:
Main Theorem. Every partially hyperbolic diffeomorphism on a 3-manifold with (virtually) solvable fundamental group is, up to finite lifts and iterates, one of the following:
• a Derived-from-Anosov system, • a skew-product,
• a deformation of a suspension Anosov flow, or
A.H. was partially supported by ARC Joint Discovery Grant. R.P. was partially supported by CSIC group 618, FCE-3-2011-1-6749 and the Palis-Balzan project.
• a non-dynamically coherent system containing a periodic torus tangent either to E c ⊕ E u or E c ⊕ E s .
The next section gives precise statements, both of the definition of partial hyperbolicity and of the four families in the classification.
It is necessary to consider finite iterates and lifts to a finite cover, as otherwise the result would not hold (see [BoW] ). In Appendix A, we present a complete classification which takes into account all possible quotients and roots of the above models.
All four families in the Main Theorem are non-empty. For the first three, simple algebraic models exist. Constructing examples in the fourth family, however, requires much more work, and the recent proof of the existence of such non-dynamically coherent examples, given in [RHRHU 2 ], came as a surprise to the partially hyperbolic community. Since a periodic torus must be an attractor if transverse to E s , or a repeller if transverse to E u , the existence of such objects can be ruled out under mild additional assumptions. For instance, there are no such tori if the partially hyperbolic system is transitive (or even chain recurrent), or has an invariant measure of full support. Appendix B further studies the dynamics of systems containing these periodic tori.
The proof of the Main Theorem builds on previous results such as [BBI, BBI 2 , BI, RHRHU 1 , H 1 , H 2 , HP, Par, Pot] and ideas developed in [BoW] . In fact, [HP] establishes the Main Theorem in the case of virtually nilpotent fundamental group.
The contribution of this paper is to treat for the first time partially hyperbolic diffeomorphisms on manifolds which support Anosov flows (namely 3-manifolds with sol geometry) without a priori assumptions on the existence of foliations tangent to the center direction. For these manifolds, no previous results on dynamical coherence were known, not even in the more restrictive case of absolute partial hyperbolicity.
We expect many of the ideas presented here to apply in more general contexts in order to complete the classification of partial hyperbolicity on all 3-manifolds. In fact, much of the reasoning here relies only on two crucial properties which hold in this case:
(i) The mapping class group of the manifold is finite; every diffeomorphism has an iterate which is isotopic to the identity. (ii) Foliations of the manifold can be accurately described; if there are no torus leaves, no two leaves on the universal cover have bounded Hausdorff distance.
Since we assume the non-existence of torus leaves, we are able to use these two properties to show that all the leaves of certain branching foliations, introduced in [BI] , are fixed by the dynamics on the universal cover. This is already a big step in comparing such partially hyperbolic diffeomorphisms to Anosov flows as these flows always fix the leaves of their invariant weak foliations. This property of fixed leaves is used to classify Anosov and expansive flows on a variety of 3-manifolds (see [Bru] and the references therein), and such results might be generalized to the partially hyperbolic setting.
1.2. Precise definitions and statement of results. As this paper deals only with manifolds in dimension three, M will always denote a compact connected 3-manifold without boundary. A diffeomorphism f : M → M is partially hyperbolic if there is N > 0 and a Df -invariant continuous splitting T M = E s ⊕E c ⊕E u into one-dimensional subbundles such that for every x ∈ M:
This definition is sometimes called strong partial hyperbolicity, as opposed to weak partially hyperbolicity, where there is only a splitting into two subbundles. (See [BDV, Appendix B] for more discussion.) There also exists an absolute version of partial hyperbolicity, considered in Appendix B of this paper.
A foliation is a partition of M into C 1 -injectively immersed submanifolds tangent to a continuous distribution (see [CC] ).
For all partially hyperbolic systems, the bundles E s and E u integrate into invariant stable and unstable foliations W s and W u (see [HPS] ). The integrability of the other bundles does not hold in general. The system is dynamically coherent if there exist invariant foliations W cs and W cu tangent to E cs = E s ⊕ E c and E cu = E c ⊕ E u respectively. This automatically implies the existence of an invariant foliation W c tangent to E c . See [BuW] for more information on dynamical coherence and reasons for considering this definition.
As mentioned earlier, there are non-dynamically coherent examples which contain normally hyperbolic periodic two-dimensional tori ([RHRHU 2 ]). The discoverers of these examples conjectured that such tori are the unique obstruction to dynamical coherence in dimension three:
Conjecture (Rodriguez Hertz-Rodriguez Hertz-Ures (2009)). Let f : M → M be a partially hyperbolic diffeomorphism such that there is no periodic two-dimensional torus tangent to E cs or E cu . Then, f is dynamically coherent.
We prove this conjecture in the case of virtually solvable fundamental group.
Theorem A. Let f be a partially hyperbolic diffeomorphism of a 3-manifold M such that π 1 (M) is virtually solvable. If there is no periodic torus tangent to E cs or E cu , then there are unique invariant foliations tangent to E cs and E cu . In particular, f is dynamically coherent.
Once dynamically coherence is established, there is a natural way to classify partially hyperbolic diffeomorphisms from a topological point of view. This uses the notion of leaf conjugacy first introduced in [HPS] (see also [BoW] ). Two partially hyperbolic diffeomorphisms f, g : M → M are leaf conjugate if they are both dynamically coherent and there is a homeomorphism h : M → M which maps every center leaf L of f to a center leaf h(L) of g and such that h(f (L)) = g(h(L)).
In 2001, E. Pujals stated a conjecture (later formalized in [BoW] ) that all transitive partially hyperbolic diffeomorphisms in dimension three belong to one of three already known classes.
Conjecture (Pujals (2001), Bonatti-Wilkinson (2004) ). Let f be a transitive partially hyperbolic diffeomorphism on a 3-manifold. Then, modulo finite lifts and iterates, f is leaf conjugate to one of the following models:
• A linear Anosov diffeomorphism of T 3 .
• A skew product over a linear Anosov automorphism of T 2 .
• The time-one map of an Anosov flow.
Recently, Rodriguez Hertz, Rodriguez Hertz, and Ures stated a slightly different version of this conjecture, where "transitive" is replaced by "dynamically coherent." Our Main Theorem is then a proof of both versions of the conjecture in the case of virtually solvable fundamental group.
Main Theorem (Precise Statement). Let f be a partially hyperbolic diffeomorphism on a 3-manifold with virtually solvable fundamental group. If there is no periodic torus tangent to E cs or E cu , then, modulo finite lifts and iterates, f is leaf conjugate to one of the following models:
• A linear Anosov diffeomorphism of T 3 . • A skew product over a linear Anosov automorphism of T 2 .
• The time-one map of a suspension Anosov flow.
In the first case, the Anosov diffeomorphism A : T 3 → T 3 will have three distinct real eigenvalues, and therefore be partially hyperbolic. In the second case, a skew product is a bundle map f : M → M where M is a circle bundle over T 2 defined by a continuous bundle projection P : M → T 2 and an Anosov base map A : T 2 → T 2 such that P f = AP . This family includes the standard skew products on T 3 = T 2 × T 1 , as well as partially hyperbolic maps on other 3-dimensional nilmanifolds. See [HP] for further discussion on these two cases.
This paper mainly treats the third case. For the purposes of this paper, a suspension manifold is manifold of the form M A = T 2 × R/ ∼ where (Ax, t) ∼ (x, t + 1) and
Previous classification results used either the fact that the action in homology was partially hyperbolic (see [BI, H 1 , H 2 , HP]) or that many center leaves were fixed by f (see [BoW] ). In fact, based on many previous results, it was proved in [HP] that the previous conjectures hold under the assumption that the fundamental group of M is virtually nilpotent (which is equivalent to having polynomial growth of volume).
The main contribution of this paper is that we treat a family of manifolds which admit Anosov flows, and show that every partially hyperbolic system on these manifolds is comparable to the flow.
Theorem B. Let f : M → M be a partially hyperbolic dynamically coherent diffeomorphism on a manifold M such that π 1 (M) is virtually solvable but not virtually nilpotent. Then, there exists a finite iterate of f which is leaf conjugate to the time-one map of a suspension Anosov flow.
To end this introduction, we present an algebraic version of the Main Theorem which follows directly from the results presented in Appendix A. For a Lie group G, an affine map is a diffeomorphism of the form G → G, g → Φ(g) · g 0 where Φ : G → G is a Lie group automorphism and g 0 ∈ G. Let Aff(G) denote the set of affine maps on G.
Theorem. If f is a partially hyperbolic, dynamically coherent diffeomorphism of a 3-manifold M with (virtually) solvable fundamental group, then there are G, a solvable Lie group, Γ < Aff(G), and α ∈ Aff(G) such that G/Γ is a manifold diffeomorphic to M, α descends to a partially hyperbolic map α 0 : G/Γ → G/Γ and f and α 0 are leaf conjugate.
1.3. Main steps of the proof and organization of the paper. The Main Theorem has already been proven in the case of a virtually nilpotent fundamental group [HP] . This paper therefore proves the theorem only in the case that the group is virtually solvable and not virtually nilpotent. This breaks into five major steps. Proposition 1.1. If f is a partially hyperbolic diffeomorphism of a 3-manifold M with a fundamental group which is virtually solvable and not virtually nilpotent, then there is a finite normal covering of M by a suspension manifold M A . Proposition 1.2. If M is finitely covered by a suspension manifold and f : M → M is partially hyperbolic, then M is diffeomorphic to a suspension manifold. Proposition 1.3. For any homeomorphism f of a suspension manifold M A , there is n ≥ 1 such that f n is homotopic to the identity.
Proposition 1.4. If f is a partially hyperbolic diffeomorphism on a suspension manifold M A and there is no periodic torus tangent to E cu or E cs , then there are unique invariant foliations tangent to E cu and E cs .
Proposition 1.5. If f is a partially hyperbolic diffeomorphism on a suspension manifold M A such that f is dynamically coherent and homotopic to the identity, then f is leaf conjugate to the time-one map of a suspension Anosov flow.
Together, these propositions also imply Theorems A and B. (In the case of Theorem A, one must also refer to [HP] for the virtually nilpotent case.) Thus, the remaining goal of this paper is to prove each of the five propositions.
Section 2 proves Proposition 1.1 based on results given in [Par] . The section also reduces Proposition 1.4 to an equivalent result (Lemma 2.1) which is easier to prove.
Fundamental to the proofs of Propositions 1.4 and 1.5 are the branching foliations F cs and F cu developed by Burago and Ivanov [BI] . Section 3 introduces these objects and their properties.
Section 4 details the geometry of the suspension manifold M A , its universal coverM A , and defines two model foliations A cs and A cu on this cover.
Section 5 compares the branching foliations to the model foliations showing that each leaf of F cs is a finite distance from a leaf of A cs and vice versa, and that the same also holds for F cu and A cu . This is a key step in the overall proof.
Section 6 shows dynamical coherence, completing the proof of Proposition 1.4.
Section 7 establishes the leaf conjugacy, Proposition 1.5.
Appendix A proves Propositions 1.2 and 1.3 and thus finishes the proof of the Main Theorem. This appendix also gives an algebraic classification of partially hyperbolic diffeomorphisms on suspension manifolds which are not homotopic to the identity, and classifies the possible quotients of partially hyperbolic diffeomorphisms on the 3-torus and other 3-nilmanifolds.
Appendix B considers the case where the branching foliation F cs or F cu has a torus leaf. This implies the existence of a periodic torus, and the appendix rules out such tori for absolutely partially hyperbolic systems. that if A is not hyperbolic, then, viewing A as an automorphism of Z 2 , the fundamental
Remark. The exact statement in [Par] requires that the fundamental group has a normal finite-index solvable subgroup K ⊳ π 1 (M), instead of just a finite-index solvable subgroup H < π 1 (M) . These two conditions are, in fact, equivalent. Any finite-index subgroup H < G contains a normal finite-index subgroup K ⊳ G. Indeed, there is a natural homomorphism g → (aH → gaH) from G to the (finite) group of permutations of the cosets of H, and we may take K to be the kernel. If H is solvable, the subgroup K < H is also solvable.
Section 6 gives the proof of the following lemma which adds two additional assumptions to Proposition 1.4.
Lemma 2.1. If f is a partially hyperbolic diffeomorphism on a suspension manifold M A such that
• there is no f -periodic torus tangent to E cu or E cs , • E u , E c , E s are oriented and Df preserves these orientations, and • f is homotopic to the identity, then there are unique f -invariant foliations tangent to E cu and E cs .
To see how Proposition 1.4 follows from this lemma, we need two results involving finite covers. Proposition 2.2. If f : M → M is a homeomorphism of a manifold and p : N → M is a finite cover, some iterate of f lifts to N. To be precise, there is n ≥ 1 and g :
Proof. This can be proved from the properties of covering spaces, lifts, and fundamental groups, using the following algebraic fact: given a group G and n ≥ 1, there are finitely many subgroups of G of index n [LS, Theorem IV.4.7] .
Proposition 2.3. Suppose
If there is a unique g-invariant foliation W N tangent to E N , then there is also a unique
Proof. First, suppose there is a unique f n -invariant foliation W tangent to E M . Then, f (W) is also an f n -invariant foliation and by uniqueness f (W) = W. That is, W is an f -invariant foliation, and since any f -invariant foliation is also f n -invariant, it is the unique one. This shows that we may freely replace f and g by their iterates in the rest of the proof.
Let Γ be the finite group of deck transformations γ : N → N associated to the cover p : N → M. Note that γ → g −1 γg is an automorphism of Γ. As Γ is finite, there is m
By replacing f and g by iterates, assume that m = 1 and p
is also g-invariant, and as E N was lifted from a subbundle of T M, γ 
By Proposition 1.3, there is n such that f n 1 is homotopic to the identity. Then g := f 2n 1 is also homotopic to the identity and preserves the orientations of the bundles. Note that if there is a g-periodic 2-torus tangent to E cu or E cs , it projects to an f -periodic surface tangent to E cu or E cs which must again be a torus. As such a torus is ruled out by assumption, the conditions of Lemma 2.1 hold and there are unique g-invariant foliations on M 1 tangent to E cu and E cs . Since p • g = f 2nk • p, Lemma 2.3 implies that there are unique f -invariant foliations on M A tangent to E cu and E cs .
Branching foliations
Burago and Ivanov proved the existence of branching foliations for partially hyperbolic systems in dimension three [BI] . The following theorem is the starting point of all the results on dynamical coherence. Its proof is quite involved and difficult and it also depends on deep theorems of the theory of foliations of 3-manifolds such as Novikov's Theorem [CC] .
Theorem 3.1 (Burago-Ivanov [BI] ). Let f 0 : M → M be a partially hyperbolic diffeomorphism on a 3-manifold such that E u , E c , and E s are orientable and the derivative Df 0 preserves these orientations. Let f :M →M be a lift of f 0 to the universal cover.
Then, there is a collection F cs of properly embedded planes inM such that for every
Finally, for every x ∈ F cs there is at least one L ∈ F cs such that x ∈ L.
An analogous foliation F cu also exists. For the purposes of this paper, a branching foliation will be a collection as in the statement of this theorem. The planes of the collection will be called leaves of the branching foliation in analogy with true foliations.
Item 5 of the list is equivalent to saying that leaves of the branching foliation do not topologically cross. For the rest of this section, assume f 0 , f , M,M , and F cs are as in the theorem.
Proposition 3.2. Each leaf of F
cs intersects an unstable leaf in at most one point.
This can be be proved by considering the orientation of E u .
The following proposition, which follows from [BoW, Remark 1.16] , will be helpful in establishing dynamical coherence.
Proposition 3.3. If every x ∈M is contained in exactly one leaf of F cs , then F cs is a true foliation.
Even when F
cs is not a true foliation, it is close to a true foliation in a certain sense. In order to state this precisely, we need to introduce a few more definitions.
In a metric space X where d(·, ·) is the distance function and Y and Z are non-empty subsets, define dist(x, Z) := inf z∈Z d(x, z), and Hausdorff distance as
The Hausdorff distance may be infinite in general.
Suppose F 1 and F 2 are collections of subsets of a metric space X. Then, F 1 and F 2 are almost parallel if there is R > 0 such that the following two properties hold:
In our case, these collections will either be foliations or branching foliations and X will be the universal cover of a manifold.
Proposition 3.4. The branching foliation F cs is almost parallel to a foliation F ofM by planes and this foliation quotients down to a foliation F 0 on M. Moreover, F 0 contains a compact surface S if and only if there is L ∈ F cs which quotients down to a compact surface on M homeomorphic to S. This follows as a consequence of [BI, Theorem 7.2] .
The existence of a compact leaf has strong consequences.
Proposition 3.5. If F cs has a leaf L which projects to a compact surface on M, then there is a normally repelling f 0 -periodic torus tangent to E cs .
This is proved in Appendix B, where partially hyperbolic systems with such tori are studied in further detail.
In the specific case of 3-manifolds with solvable fundamental group, the foliations without compact leaves have been classified. This was done by Plante for C 2 foliations where the classification is up to equivalence [Pl] . For the foliations considered in this paper, the classification only holds up to the notion of two foliations being almost parallel when lifted to the universal cover [HP] . In the case of suspension manifolds M A , any such foliation, after lifting, is almost parallel to one of two model foliations, A cs or A cu , which will be defined in the next section.
This is a restatement of [HP, Theorem B.6 ].
Solvmanifolds and model foliations
Suppose A is a hyperbolic 2 × 2 integer matrix with integer entries and determinant plus-minus one. There is λ > 1 such that A has an unstable eigenspace in R 2 with associated eigenvalue ±λ, and a stable eigenspace with associated eigenvalue ±λ −1 .
Consider a manifoldM A diffeomorphic to R 2 × R, but with a non-Euclidean geometry to be defined shortly. Each point inM A can be written as (v, t) with v ∈ R 2 and t ∈ R.
Define two-dimensional foliations A cs and A cu and one-dimensional foliations A s and A u by:
and let A c be the foliation consisting of orbits of the flow. Now, define a unique Riemannian metric onM A by requiring the following properties:
• at every point inM A , an orthogonal basis of the tangent space can be formed by vectors in A s , A c , and A u , • ϕ is a unit speed flow, Figure 1 . A depiction of the model foliations A cs and A cu . The planes separate apart in the left direction for one foliation, and in the right direction for the other. Note that in the coordinate system forM A ≈ R 3 introduced in this section, the foliations consist of geometric planes and it is the Riemannian metric which changes in t.
• if γ is a simple curve in a leaf of A u with endpoints (v 1 , t) and (v 2 , t), then length(γ) = λ t v 1 − v 2 , • if γ is a simple curve in a leaf of A s with endpoints (v 1 , t) and (v 2 , t), then
In the last two items above, v 1 − v 2 denotes the Euclidean distance in R 2 . Define
One can verify that these three functions are isometries which generate a solvable group G ⊂ Isom(M A ) and that the quotientM A /G is exactly the compact manifold M A defined earlier. Further, the flow ϕ quotients to an Anosov flow on M A and the foliations A * quotient down to invariant foliations associated to the flow.
Proof. This follows from the definitions of p 1 and γ i (i = 1, 2, 3).
Proof. Consider a curve α : [a, b] →M A from x to y parameterized by arc length. For each point α(t), there is an orthonormal basis {v u , v c , v s } of the tangent space such that the exterior derivative dp 1 satisfies dp 1 (v u ) = 0, dp 1 (v c ) = 1, and dp 1 (v s ) = 0. This
For any x, y ∈M A , there is a unique point of intersection
This point depends continuously on x and y and since the foliations are invariant under
for all γ ∈ G. Define dist u (x, A cs (y)) as the length of the unstable segment between x and [x, y]. Note that
for all x, y, and t.
It is enough to show that
Proof. By the last lemma, there is
This shows that there are points in L ∩p 
A leaf of A cs splitsM A into two pieces. We will also need that an arbitrarily large neighbourhood of a leaf splits the manifold into two pieces.
Lemma 4.6. For any R > 0 and L ∈ A cs , there is a partition ofM A into three pieces X, Y, Z such that
where R 1 is given by Lemma 4.3. Let X, Z be the two connected components ofM A \ Y . It is straightforward to verify the desired properties.
Lemma 4.7. For any n > 0 the manifold with boundary defined bỹ
has polynomial growth of volume. That is, if B R (x) consists of all endpoints of paths iñ V n starting at x and of length at most R, then the volume of B R (x) grows polynomially in R.
Proof. The deck transformations in G 0 mapṼ n to itself and the quotientV n :=Ṽ n /G 0 is compact, and is therefore a finite volume manifold with boundary. The result then follows from the fact that G 0 ∼ = Z 2 has polynomial growth.
Lemma 4.8. If X is a measurable subset ofM A such that X ∩ γ(X) = ∅ for all γ ∈ G 0 then the volume of
grows linearly in n.
Proof. Using that the isometry γ 3 ∈ G is volume preserving, it is not hard to show that the volume ofV n (as defined in the proof of the last lemma) is exactly n times the volume ofV 1 . Each X n ⊂Ṽ n projects to a setX n ⊂V n . As this projection is one-to-one, the volumes of X n andX n are the same. The result follows.
Comparing foliations
In this section, suppose f 0 is a partially hyperbolic diffeomorphism which satisfies the hypotheses of Lemma 2.1. In particular, since it is homotopic to the identity, f 0 lifts to a diffeomorphism f :M A →M A which is a finite distance from the identity.
In this section, the only dynamical system we consider is f . We do not consider the flow ϕ used in the last section. Thus, the words stable, unstable, and center here refer only to f .
As the hypotheses of Theorem 3.1 are satisfied, there are branching foliations F cs and F cu . By Propositions 3.4-3.6, the branching foliation F cs is almost parallel to either to A cs or A cu , defined in Section 4. Up to replacing A with A −1 , we may freely assume the first.
Assumption 5.1. F cs is almost parallel to A cs and throughout the rest of the paper R > 0 is the associated constant in the definition.
From this assumption it will follow that F cu is almost parallel to A cu . However, the proof of this is surprisingly involved and will occupy the rest of this section. We must first prove a number of properties relating F cs to A cs .
Proof. The first item follows from Corollary 4.5 and the fact that Hausdorff distance satisfies the triangle inequality. The second item follows from the first item, and the definition of almost parallel. The third item then follows from the fact that f is a bounded distance from the identity and therefore d H (f (X), X) < ∞ for any subset X ⊂M A . The last item follows from that fact that γ ∈ G is an isometry which preserves both F cs and A cs .
Lemma 5.2 shows there is a canonical function from leaves of F cs to leaves of A cs . This function is in fact a bijection.
To prove this, we first prove two sublemmas.
Lemma 5.4. If for L ∈ A
cs the union
contains two distinct leaves of F cs , then this union has non-empty interior. Figure 2 . A depiction of the half-spaces in the proof of Lemma 5.4.
Suppose S, T ∈ F cs are distinct leaves, both contained in Λ. As S is a properly embedded surface, it splitsM A into two closed half-spaces S + and S − such that
Since leaves of the branching foliation F cs do not topologically cross, every leaf which intersects the interior of S + is contained in S + and similarly for S − .
Since S ⊂ Y , X must lie entirely in S + or S − . Assume X ⊂ S + . If Z is also a subset of S + , then S − would be contained in Y and any leaf of F cs which intersected the interior of S − would be in Λ. As S − has non-empty interior, this would be enough to complete the proof. Hence, we may freely assume Z is not a subset of S + and is instead a subset of S − . Similarly, define T + and T − such that X ⊂ T + and Z ⊂ T − .
As S = T , there is y ∈ T \ S. Further, there is an open neighborhood U containing y which lies entirely in the interior of either S − or S + and intersects the interiors of both T + and T − . This means that at least one of S + ∩ T − and S − ∩ T + has non-empty interior. As both of these intersections are unions of leaves of F cs which lie entirely in Y , this shows that Λ has non-empty interior.
For an unstable arc J, define U cs 1 (J) as all points x ∈M A such that dist(x, J) < 1 and every leaf of F cs which contains x also intersects J. If γ ∈ G 0 and the interiors of Λ and γ(Λ) intersected, there would be a leaf
One can check from the definitions of G 0 and A cs in the previous section that there is no such leaf with this property. Hence, by Lemma 4.8, the volume of
By Lemma 5.2, we have f (Λ) = Λ. Take an unstable arc J in the interior of Λ. As f is a finite distance from the identity, there is N such that for all k ≥ 1, f k (J) is contained in a ball of radius Nk and therefore U cs 1 (f k (J)) is contained in a ball of radius Nk + 1. By Lemma 4.2, there is C > 0 such that
In other words, int(U
Since the length of f k (J) grows exponentially fast in k, and the volume of X N k+C grows only linearly, Lemma 5.5 gives a contradiction.
The following consequence is one of the main points in the proof:
Proof. This follows from Lemmas 5.3 and 5.2.
Once the fact that leaves of the branching foliations are fixed is established we proceed to show that the foliations are close to the correct ones which is the main result of this section.
Lemma 5.8. There is K > 0 such that
Figure 3. A depiction of the sequences in the proof of Lemma 5.8.
Proof. Suppose the statement is false. Then there are sequences {x k }, {x k } inM A and
By Lemma 4.1, one may freely assume that x k lies within a compact fundamental domain. By taking a subsequence, further assume that x k converges to a point x. Then, lim k p 1 (x k ) = +∞.
Define a convergent sequence {y k } such that each y k is connected to x k by an unstable segment of length exactly one. Then y := lim k y k is on the unstable leaf of x and is distinct from x.
Choose a leaf L ∈ F cs which intersects W u (x) at a point strictly between x and y. This leaf splitsM A into closed half-spaces X and Y such that ∂X = ∂Y = X ∩ Y = L and x ∈ int(X) and y ∈ int(Y ).
For large k, x k ∈ int(X). By Lemma 5.6,x k is on the same leaf as x k and as leaves do not cross topologically,x k ∈ X. Similarly,ŷ k ∈ Y for large k. By taking subsequences, assume "large k" is all k ≥ 1.
As any path connectingx
which also implies lim p 1 (z k ) = +∞. Now choose a leaf L ′ ∈ F cs which intersects the unstable segment between x and y at a point distinct from L. By the same construction, there is a sequence {z
′ are the same leaf, which by Proposition 3.2 gives a contradiction. Now it is possible to show that the branching foliation F cu is almost parallel to the correct foliation.
Proposition 5.9. The branching foliation F cu is almost parallel to A cu .
Proof. F cu is almost parallel either to A cu or A cs . Assume the latter in order to derive a contradiction. Notice that a center-unstable branching foliation for a partially hyperbolic diffeomorphism is a center-stable branching foliation for its inverse. That is, if g = f −1 , then F cu f = F cs g and so the assumption is that F cs g is almost parallel to A cs . Repeating all of the results of this section with g in place of f , one proves a version of Lemma 5.8 for g:
There is K > 0 such that
for all x ∈M A and n ≥ 0.
Taken with the original Lemma 5.8 for f , this implies that there is K such that
for all x ∈M A and n ∈ Z.
Take an unstable curve J such that J ⊂Ṽ 1 in the notation of Lemma 4.7. The above inequality implies that f n (J) ⊂Ṽ K+1 for all n and therefore U cs 1 (f n (J)) ⊂Ṽ K+2 (where U cs 1 is defined just before Lemma 5.5). Arguing as in the proof of Lemma 5.3, the volume of U cs 1 (f n (J)) grows exponentially, but its radius grows only linearly. This contradicts the polynomial growth of volume given in Lemma 4.7.
Dynamical coherence
In this section the proof of dynamical coherence is given. The assumptions are exactly the same as in the previous section. The starting point of the proof is the following consequence of Proposition 5.9: Lemma 6.1. There is N > 0 such that for every L cs ∈ F cs and L cu ∈ F cu , the intersection L cs ∩ L cu consists of at most N connected components, each of which is a properly embedded line.
Proof. Each component of L
cs ∩L cu is a one-dimensional manifold in L cs transverse to the unstable foliation W s restricted to L cs . Since no circle can be transverse to a foliation of a plane by lines, each component is a line. If a component is not properly embedded, it accumulates at a point y ∈ L cu and W u (y) intersects L cs more than once, contradicting Proposition 3.2. Distinct components C 1 and C 2 must be bounded away from each other by some uniform distance ǫ > 0, as otherwise a single unstable leaf would intersect both C 1 and C 2 and again give a contradiction. By Lemma 5.2 (and its cu counterpart) and Proposition 5.9, there are unique leaves L cs ∈ A cs , and
For any t ∈ R, define the disk
By Lemma 4.3 (and its cu counterpart), the diameter of D t is finite and depends purely on R and not L cu , L cs , or t. In particular, there is K > 0 such that any subset of D t with at least K points has two points at distance less than ǫ.
Since a connected component C of L cs ∩L cu is properly embedded, its image p 1 (C) ⊂ R is of the form [a, +∞), (−∞, a], or R. If there are more than 2K components, then there is t ∈ R such that t ∈ p 1 (C i ) for K different components C 1 , . . . , C K . Each C i then intersects D t , and this gives a contradiction.
The following key property in the proof is inspired by a similar argument due to Bonatti and Wilkinson (see Corollary 3.11 of [BoW] ):
Lemma 6.2. The diffeomorphism f has no periodic points.
Remark. Here, as in all of this section, this is a statement about the map f on the universal coverM A . A partially hyperbolic map on the compact manifold M A can certainly have periodic points.
Proof. Suppose f n (x) = x. Take y ∈ W u (x) and L ∈ F cs such that y ∈ L. As f (L) = L and y is the unique intersection of W u (x) and L, it follows that f n (y) = y. This contradicts the fact that f −1 must contract the unstable segment between x and y.
Lemma 6.3. For all x ∈M A , lim n→∞ p 1 (f n (x)) = +∞.
Proof. The point x lies on a connected component C of a set of the form L cs ∩ L cu . By Lemma 6.1, there is n > 0 such that f n (C) = C and by Lemma 6.2 this map has no fixed points. By the properties of fixed-point free homeomorphisms of the real line, the orbit f nk (x) must eventually leave any compact subset of C. Since for any
is compact, this implies that lim k→∞ |p 1 (f nk (x))| = ∞ and from Lemma 5.8 the result follows.
Proposition 6.4. The branching foliation F cs is the unique f -invariant, G-invariant branching foliation tangent to E cs and it is a true foliation.
Proof. Define a map H :M
Using Corollary 5.6 and Lemmas 5.2, 6.3, and 4.4, one can check that H is well-defined and its fibers H −1 ({L}) are exactly the leaves of F cs . Since the definition of H does not use F cs , this shows there is only one such possible branching foliation. As the fibers are disjoint, Proposition 3.3 shows that F cs is a true foliation.
Taken with the corresponding statement for the cu foliation, Proposition 6.4 implies dynamical coherence and completes the proof of Lemma 2.1. As proved in Section 2 this completes the proof of Proposition 1.4 which in turn implies Theorem A modulo Proposition 1.3 which is proved in Appendix A.
Leaf conjugacy
This section gives the proof of Proposition 1.5. Assume f 0 : M A → M A satisfies the hypotheses of Proposition 1.5. As f 0 is homotopic to the identity, it lifts to a function f :M A →M A which is a finite distance from the identity. As f 0 is dynamically coherent, there are f 0 -invariant (non-branching) foliations tangent to E cs and E cu and, as is shown in [RHRHU 2 ], these foliations do not have compact leaves. Therefore, Proposition 3.6 applies, and these foliations lift to foliations onM A which are almost parallel either to A cs or A cu .
The proofs in Sections 5 and 6 now follow as before, with these true foliations taking the place of the branching foliations. There is, however, one small caveat. It is possible for f 0 to be both dynamically coherent and to have an invariant torus tangent to E cs or E cu . (See [RHRHU 2 ] for an example.) As such, there may be a branching foliation oñ M A with a leaf which quotients down to a compact surface on M A . Such a branching foliation will not be almost parallel to A cs or to A cu . This issue only affects the proof of uniqueness in Proposition 6.4. Since Proposition 6.4 is not needed to establish the leaf conjugacy, this is not an issue in proving Proposition 1.5. Proposition 7.1. There is n 0 > 0 such that p 1 (f n (x)) > p 1 (x) + 1 for all x ∈M A and n > n 0 .
Proof. By Lemma 4.1, it is enough to prove this for a compact fundamental domain. By Lemma 6.3, the sets
for n ∈ N form an open cover ofM A . Thus, some finite union U n 1 ∪ · · · ∪ U n k covers a fundamental domain. One can then show using Lemma 5.8 that n 0 = max{n 1 , . . . , n k } satisfies the desired property.
By adapting a proof of Fuller regarding flows [Fu] , we prove the following.
Lemma 7.2. There is a continuous function p
Proof. By Lemma 6.1 and Proposition 7.1, there is n > 0 such for all x ∈M A , f n (x) is on the same center leaf as x and p 1 (f n (x)) > p 1 (x) + 1. By a compactness argument, the distance d c (x, f n (x)) along the center leaf is uniformly bounded both above and away from zero. Consequently, there is T > 0 such that if x and y are on the same center leaf and
For a leaf L ∈ F c , let α : R → L be a path parameterizing L by arc length and oriented such that p 1 (α(t)) → +∞ as t → +∞. Define p c on L by
By the Fundamental Theorem of Calculus, Recall from Section 4, points inM A can be written in coordinates (v, t) with v ∈ R 2 and t ∈ R. In these coordinates, γ −1 3 (v, t) = (Av, t − 1). This shows that if (v, t) ∈S, then (v + z, t) ∈S for z ∈ Z 2 and
When ψ is quotiented down to a map ψ 0 : S → S on S ⊂ M A , then S is homeomorphic to a torus and the induced action on the fundamental group π 1 (S) is given by the linear map A.
Lemma 7.3. The map ψ is expansive.
Proof. Suppose that for ǫ > 0 there are points x and y such that d(ψ n (x), ψ n (y)) < ǫ for all n ∈ Z. Then, d(γ n 3 ψ n (x), γ n 3 ψ n (y)) < ǫ and Lemma 5.7 shows that x and y lie on the same leaf L cs of F cs . An analogous argument shows that they lie on the same leaf of F cu . If x and y lie on distinct center leaves L x , L y ∈ F c and if ǫ is sufficiently small, there is an unstable arc connecting L x to L y . This arc intersects L cs in distinct points, contradicting Lemma 3.2. Hence, x and y lie on the same center leaf, and sincẽ S intersects each center leaf exactly once, x = y.
Remark. Using Proposition 7.1 and Lemma 7.3, it is easy to show that f is plaque expansive as defined in [HPS] . Proof. By a result of Lewowicz, any expansive homeomorphism of a torus is topologically conjugate to a linear Anosov diffeomorphism [L] . The linear diffeomorphism is determined by the action on the fundamental group.
In the case of ψ and its quotient ψ 0 , this implies that there is a homeomorphism
Now define a unique homeomorphism h :M A →M A by requiring
(1) that the leaf of F c through the point x ∈S is mapped to the leaf of A c through the point (H(x), 0) ∈M A , and (2) that p c • h = p 1 .
By its construction, h maps F
c to A c . Suppose x, y ∈S are such that H(x) and H(y) are on the same stable leaf of A. By the conjugacy,
As ψ was defined in such a way that γ 3 ψ(x) is on the same center leaf as x, it follows from Lemma 5.7 that x and y are on the same leaf of F cs . Hence, h(
Since each leaf of A cs intersects each leaf of A cu in a single leaf of A c , applying h −1
shows that a leaf of F cs intersects a leaf of F cu in a single leaf of F c . Consequently, f fixes all leaves of F c , and h is a leaf conjugacy between f and the time-one map (v, t) → (v, t + 1) of the lifted Anosov flow onM A .
This quotients down to a leaf conjugacy on the compact manifold M A .
This finishes the proof of leaf conjugacy for partially hyperbolic diffeomorphisms which are homotopic to the identity (Proposition 1.5). Up to Proposition 1.3 which is proved in Appendix A this completes the proof of the Main Theorem.
We end this section by presenting some further properties of the leaf conjugacy as well as some other topological properties of the strong foliations which do not follow directly from the leaf conjugacy.
First, the homeomorphism h constructed in the last proof has several useful properties listed here.
Lemma 7.5. There is a homeomorphism h :M A →M A such that
• h and h −1 are uniformly continuous.
This allows us to prove a property of the foliations which does not immediately follow from the leaf conjugacy.
Proposition 7.6. f has Global Product Structure. That is, for x, y ∈M A
Proof. The uniqueness of the intersections follows from Proposition 3.2 (and its analogous statement for F cu and W s ). Therefore, it is enough to prove existence. As each leaf of F cs intersects each leaf of F cu in a single leaf of F c , items (1) and (2) will follow from (3) and (4).
To prove existence of the intersection in
is on the leaf A c (h(x)) for all n, and by Lemmas 4.2, 6.3, and 7.5 lim
By the definition of A c and A (3) is proved. The proof of (4) is analogous.
Appendix A. Quotients of partially hyperbolic diffeomorphisms
This appendix studies the algebraic properties of partially hyperbolic systems on solvmanifolds and is divided into three subsections. The first classifies partially hyperbolic systems on suspension manifolds when they are not homotopic to the identity and gives the proof of Proposition 1.3. The second subsection proves Proposition 1.2. The last subsection classifies partial hyperbolicity on quotients of the 3-torus and other nilmanifolds.
A.1. Algebra and leaf conjugacies. SinceM A is homeomorphic to R 3 , if a diffeomorphism on M A is not homotopic to the identity, it will induce a non-trivial isomorphism of G ∼ = π 1 (M A ). We first study these isomorphisms and their corresponding algebraic maps onM A .
Recall a point ofM A can be written as (x, t) with x ∈ R 2 and t ∈ R. For z ∈ Z 2 , let α z denote the map α z (x, t) = (x + z, t). Then, G 0 = {α z : z ∈ Z} is a normal subgroup of G, and G is generated by elements of G 0 together with the deck transformation γ 3 (x, t) = (A −1 x, t + 1).
Lemma A.1. For any isomorphism φ : G → G there are B ∈ GL(2, Z), v ∈ Z 2 , and e ∈ {+1, −1} such that φ(α z ) = α Bz for z ∈ Z and φ(γ 3 ) = α v γ e 3 . Moreover, A e B = BA and B j = ±A k for some j, k ∈ Z with j > 0.
See the appendix of [GS] for a proof of the main statement of the lemma. The fact that B j = ±A k follows from the following classical result:
See, for instance, [BR] for a proof.
Due to Lemma A.1, every automorphism of G is induced by an algebraic map onM A .
Lemma A.3. For any automorphism φ : G → G there are unique B ∈ GL(2, Z), w ∈ R 2 , and e ∈ {+1, −1} such that the diffeomorphism
Proof. Let B, v, e be as in Lemma A.1. Let w ∈ R 2 solve the equation A −e w + v = w. Such a solution exists and is unique as A is hyperbolic. Then, one can verify directly that Φ • γ = φ(γ) • Φ. If AB = BA, then B preserves the eigenspaces of A. If A −1 B = BA, then B maps an eigenspace E λ of A to the eigenspace E λ −1 . From this, the claims about Φ(A cs ) and Φ(A cu ) follow.
Lemma A.4. For any such Φ, there is an iterate n > 0 which is of the form
where m ∈ Z and z ∈ Z 2 .
Proof. The equation A −e w + v = w from the last proof can be written as a system of linear equations with integer coefficients, and can therefore be solved over Q. This means that x → Bx + w defines a permutation of a finite set of the form Z/q × Z/q for some q. As some iterate ℓ of this permutation fixes (0, 0) the corresponding function on R 2 is of the form x → B ℓ x + z for some z ∈ Z 2 . Suppose B j = ±A k . Then, Φ n for n = 2jℓ will have the desired form. If the B in Lemma A.3 is hyperbolic, the corresponding Φ is partially hyperbolic. If B = ±Id, one can compose Φ with a flow along the center foliation A c to produce a partially hyperbolic map. In any case, we say a diffeomorphism g :M A →M A which preserves foliations F cu , F cs , F c is leaf conjugate to Φ if there is a homeomorphism
for all L ∈ F σ and σ = c, cs, cu. If g, Φ, h quotient to maps g 0 , Φ 0 , h 0 on M A , we say g 0 and Φ 0 are leaf conjugate as well.
Theorem A.6. Suppose g 0 : M A → M A is partially hyperbolic and there is no periodic torus tangent to E cs or E cu . Then g 0 is dynamically coherent and is leaf conjugate to an algebraic map Φ 0 as given in Lemma A.3 with e = +1.
Proof. Dynamical coherence follows from Proposition 1.4, so we need only establish the leaf conjugacy. Choose a lift g :M A →M A of g 0 . This defines an isomorphism
Let Φ be the corresponding algebraic map given by Lemma A.3. Note that the function x → d(g(x), Φ(x)) quotients down to M A and is therefore bounded. This shows
By Lemma A.4, there is n such that Φ n (v, t) = (A k v + z, t) for some k and z. Definê
n , and Φ f =γ • Φ n . One can check from the definitions of α z and γ 3 that Φ f (v, t) = (v, t + k). From the definition of the metric onM A , sup x d(Φ f (x), x) < ∞. In fact, the distance from (v, t) to (v, t + k) is exactly k. Asγ is an isometry, sup x d(f (x), Φ f (x)) < ∞ and so sup x d(f (x), x) < ∞ as well. Thus f satisfies the assumptions in Section 7.
Let h :M A →M A be the homeomorphism given by Lemma 7.5. Since h is a finite distance from the identity, it follows that sup
is a leaf of A cs and by Lemma 5.2,
The same reasoning applies to F cu and shows that h is a leaf conjugacy between g and Φ. As g maps F cs to F cs , it follows from the leaf conjugacy that Φ maps A cs to A cs , and therefore e = 1 in the formula given in Lemma A.3. As all of the maps descend to M A , the result is proved.
A.2. Finite quotients of suspension manifolds.
Proof of Proposition 1.2. Suppose M is finitely covered by M A . Without loss of generality (see the discussion at the end of Section 2), assume that this is a normal covering. By Lemma 2.2, an iterate of the partially hyperbolic diffeomorphism f : M → M lifts to g : M A → M A , and by Proposition 1.3, we may assume that this lift g is homotopic to the identity.
If there is a g-periodic torus tangent to E cs or E cu in M A , it would quotient to an f -periodic torus on M and the results in [RHRHU 1 ] would imply that M is a suspension manifold. Therefore, we may freely assume there is no such torus. Propositions 1.4 and 1.5 imply that g is leaf conjugate to a suspension Anosov flow. As a consequence of Lemma 7.2, there is a center foliation F on M A and a map p : M A → R/Z, such that restricted to each leaf of F , p is a C 1 covering.
Let H be the finite group of deck transformations τ : M A → M A associated to the covering M A → M. By Proposition 2.3, τ (F ) = F for all τ ∈ H. The space of leaves of F is a non-Hausdorff space homeomorphic to T 2 /A. By the Lefschetz fixed point formula, for a homeomorphism h : T 2 → T 2 , either h has a fixed point or A • h has a fixed point (or both). This implies that a deck transformation τ ∈ H fixes at least one leaf L ∈ F . If τ reversed the orientation of leaves, it would have a fixed point on L, which is impossible for a non-trivial deck transformation. Thus, all τ ∈ H preserve the orientation of F .
Define a mapp :
Then,p • τ =p for all τ ∈ H, the setp −1 ({0}) consists of n disjoint tori where n = |H|, and each τ permutes these tori. Choose one torus and call it S. Starting at a point x ∈ S, flow forward along the leaf F (x) until it intersects a torus of the form τ 1 S at a point y. Define ψ(x) = τ −1 Define H 0 := {τ ∈ H : τ (S) = S}. Then, ψ quotients to a functionψ : S/H 0 → S/H 0 , and one can verify that M is homeomorphic to the manifold defined as the suspension ofψ. As ψ n is topologically conjugate to a power of A,ψ is expansive and therefore topologically conjugate to a hyperbolic toral automorphism [L] .
This shows that M is homeomorphic to a suspension of Anosov. As the manifolds are three-dimensional, they are diffeomorphic as well [Mo] .
A.3. Quotients of the torus and nilmanifolds.
Proposition A.7. Suppose f is a homeomorphism on T 3 such that the induced automorphism on H 1 (T 3 , R) is hyperbolic. If f descends to a homeomorphism of a finite quotient T 3 /Γ, then this quotient is homeomorphic to the 3-torus.
Proof. Suppose T 3 /Γ is such a quotient. Then Γ is a finite group of fixed-point free homeomorphisms of T 3 . As explained in [HJKL] , we may freely assume that each γ ∈ Γ is affine. That is, γ is of the form x → Ax + b where A is a toral automorphism and b ∈ T 3 . As f descends to the quotient, the map Γ → Γ, γ → f γf −1 is a well-defined automorphism. As Γ is finite, there is n such that γ = f n γf −n for all γ ∈ Γ. Assume n = 1.
The Lefschetz number of a homeomorphism of the 3-torus is
where the λ i are the eigenvalues of the induced automorphism of H 1 (T 3 , R) [Man] . Consider γ ∈ Γ. As γ is fixed-point free, one of these eigenvalues must be equal to one. The associated eigenspace is given by the solution of a system of linear equations with integer coefficients. As this can be solved over Q, the first homology group with coefficients in Z has a subgroup defined by
which is non-empty.
Since f and γ commute, f * on H 1 (T 3 , Z) restricts to an automorphism of E. If E is rank 1, the automorphism shows that f * has an eigenvalue of ±1. If E is rank 2, the automorphism shows that f * has two eigenvalues whose product is ±1, and the third eigenvalue is therefore ±1. Neither case is possible if f * is hyperbolic. Hence, E has full rank, and by its definition E = H 1 (T 3 , Z). Writing γ as an affine map x → Ax+b, it must be that A is the identity. Thus, Γ is a group of translations, and T 3 /Γ is homeomorphic to the 3-torus.
Proposition A.8. Suppose f is a homeomorphism on T 3 such that the induced automorphism on H 1 (T 3 , R) has eigenvalues λ 1 , λ 2 , λ 3 satisfying
If f descends to a homeomorphism of a finite quotient T 3 /Γ, then this quotient is either homeomorphic to the 3-torus or double covered by the 3-torus.
Proof. As in the last proof, after replacing f with an iterate, we may freely assume that f γ = γf for all γ and that each γ is an affine map on T 3 . Also, assume that the eigenvalues λ i are all positive.
Define Γ 0 as the set of γ ∈ Γ which are translations x → x + b. Then, Γ 0 is a normal subgroup, f descends to T 3 /Γ 0 and the quotient is homeomorphic to T 3 . Therefore, up to replacing T 3 by T 3 /Γ 0 , we may freely assume that no non-trivial γ ∈ Γ is a translation.
That is, γ * = Id where γ * is the induced automorphism of H 1 (T 3 , Z).
Now suppose there is a non-trivial element γ ∈ Γ. Our goal is to show that γ is the unique non-trivial element.
As λ 2 = 1 is an eigenvalue, arguing as in the last proof, there is v ∈ H 1 (T 3 , Z) such
where A ∈ GL(2, Z) is hyperbolic. As γ * commutes with f * ,
where AB = BA. The upper-right entries are zero because that is the only 2 × 1 matrix X which satisfies AX = X. Since Γ is finite, there is n such that γ n * = Id. Consequently, c = ±1 and, by Lemma A.2, B = ±Id.
We now consider the four cases for B and c.
Case 1. B = +Id and c = +1. Here, γ * is a lower triangular matrix with ones on the diagonal and γ n * = Id for some n. This implies that γ * = Id, which is not possible by an earlier assumption. Therefore, this case cannot occur.
Case 2. B = −Id and c = −1. In this case, γ * has −1 as the sole eigenvalue. Using the Lefschetz fixed point theorem as in the previous proof, γ would have a fixed point, a contradiction. ′ ∈ Γ would have a matrix of the form already ruled out in case 2 above. Therefore, B ′ = +Id, c = −1, and the product γγ ′ is of the form considered in case 1. This is only possible if γγ ′ is the identity element of Γ. Since this holds for any non-trivial γ ′ ∈ Γ, it follows that Γ is the two element group {Id, γ}.
Case 4. B = −Id and c = +1. This case is nearly identical to case 3 and is left to the reader.
Not including the torus itself, there are exactly three manifolds (up to homeomorphism or diffeomorphism) double covered by the 3-torus [LSY] . They are defined by quotienting T 3 = R 3 /Z 3 by one of the following maps
, y, −z)
, y + z, −z).
All three resulting manifolds admit partially hyperbolic diffeomorphisms, as demonstrated by the toral automorphisms generated by the matrices Further, the classification up to leaf conjugacy can be extended from the 3-torus to its finite quotients. To do this, we first state a consequence of the classification on the 3-torus.
Proposition A.9. If f T , g T : T 3 → T 3 are partially hyperbolic, dynamically coherent diffeomorphisms, with lifts f, g : R 3 → R 3 such that the induced automorphisms f * and g * on π 1 (T 3 ) are equal, then there is a leaf conjugacy h : R 3 → R 3 between f and g which descends to a leaf conjugacy h T : T 3 → T 3 between f T and g T such that h * is the identity.
Further, h is unique up to sliding along center leaves. That is, if h ′ is another such leaf conjugacy, then there is C > 0 such that for all x ∈ R 3 , h(x) and h ′ (x) lie on the same center leaf of
Proof. As shown in [H 1 ] and extended to the pointwise case in [HP] , if f and g have the same action on π 1 (T 3 ), they are both leaf conjugate to the same linear map on R 3 . The stated results then follow from this and the properties proven in [H 1 ].
Let Aff(R n ) denote the group of affine maps on R n .
Proposition A.10. Suppose f M is a partially hyperbolic diffeomorphism on a 3-manifold M with virtually abelian fundamental group, and there is no 2-torus tangent to
Then, there is a subgroup Γ < Aff(R 3 ), and a partially hyperbolic linear map
Proof. As M is virtually nilpotent, it is finitely covered by a circle bundle over a 2-torus [Par] . To be virtually abelian, this circle bundle must be trivial, that is, M is finitely covered by the 3-torus.
If M is diffeomorphic to the 3-torus, the proof follows from [H 1 ] and [HP] .
Otherwise, by the results of this section, we may freely assume that M = R 3 /Γ, where Γ has an index-two subgroup Γ 0 consisting of translations x → x + z for z ∈ Z 3 . As Γ 0 is the maximal nilpotent subgroup of Γ, it is preserved by every automorphism. Choose some element of Γ \ Γ 0 and call it α.
Lift f M to f : R 3 → R 3 . This defines an automorphism f * : Γ → Γ, and by the theorems of Bieberbach (see, for instance, [LR] ), there is an affine map g :
g(x) = Ax + b such that g descends to a diffeomorphism g M : M → M, and the induced automorphism g * : Γ → Γ is equal to f * .
As f is partially hyperbolic, its action on Γ 0 ∼ = Z 3 is partially hyperbolic ( [BI] ).
Moreover, by [Pot] (or [HP, Proposition 3.3] ), it has eigenvalues λ 1 , λ 2 , λ 3 such that
By Proposition A.7 and the assumption that M is not the 3-torus, it must be that |λ 2 | = 1. Then, g is partially hyperbolic and dynamically coherent. As the center bundle of g is uniquely integrable, so is the center bundle of the quotiented map g M on M. This shows that the center foliation of g is Γ-invariant.
Let h : R 3 → R 3 be the leaf conjugacy given by Proposition A.9. That is, hg(L) = f h(L) for every center leaf L of g, and hγ = γh for all γ ∈ Γ 0 . As Γ 0 is normal, γαhα −1 = αhα −1 γ for all γ ∈ Γ 0 . Also, there is β ∈ Γ 0 such that αf α −1 = f β. Since, f * = g * , it follows that αgα −1 = gβ, using the same β. Then,
so αhα −1 is also a leaf conjugacy. By the uniqueness given in Proposition A.9, h(L) = αhα −1 (L) for every center leaf L of g. That is, h and αhα −1 are c-equivalent, as defined in section 6 of [H 1 ]. That section explains how to average a finite number of c-equivalent leaf conjugacies to get a new leaf conjugacy. If we define h 1 as such an average of h and αhα −1 , then one can verify that h 1 is a leaf conjugacy on R 3 which quotients to
We have proven that f M is leaf conjugate to a quotient of an affine map g : R 3 → R 3 , x → Ax + b, whereas the proposition claims that f M is leaf conjugate to a linear map. By conjugating g with a translation x → x + c for c ∈ R 3 , we can replace g by the map x → Ax + Ac − c + b. Hence, we can assume that b is in the null space of A − Id. This conjugation means that Γ < Aff(R 3 ) will also be replaced by a conjugate subgroup of Aff(R 3 ). Then, (A − Id)b = 0 implies that b and the origin of R 3 lie in the same center leaf of g. This shows that g is leaf conjugate to the linear map A and this leaf conjugacy (the identity on R 3 ) descends to the quotient R 3 /Γ, completing the proof.
Similar results hold for finite quotients of 3-dimensional nilmanifolds. Let H denote the Heisenberg group, consisting of all matrices of the form
under multiplication. For any integer k ≥ 1, the set of matrices with x, y ∈ Z and z ∈ 1 k Z defines a discrete subgroup Γ k , and the quotient H/Γ k is a compact manifold, a nilmanifold, denoted by N k . For each N k , the homology group H 1 (N k , R) is twodimensional. In fact, the projection
defines a projection N k → T 2 , and this map induces the isomorphism between H 1 (N k , R) and H 1 (T 2 , R). An affine map on H is a map of the form x → Φ(x) · c where Φ : H → H is a Lie group automorphism, and c ∈ H. An affine map on N k is a quotient of an affine map on H.
Proposition A.11. Suppose f is a homeomorphism of N k such that the induced automorphism on H 1 (N k , R) is hyperbolic. If f descends to a homeomorphism of a finite quotient N k /Γ, then this quotient is either homeomorphic to N ℓ or double covered by N ℓ for some ℓ.
Proof. As in the proofs of Propositions A.7 and A.8, we may assume the elements of Γ are affine maps (see [LR] and [CS] ). As explained in Section 2 of [H 2 ], to every homeomorphism of N k is associated an automorphism of the Lie algebra h, and this automorphism can be written as a 3 × 3 matrix
In fact, A has integer entries and it is the matrix given by the automorphism induced by f on H 1 (N k , R) (see the discussion after Proposition 5.1 in [H 2 ]).
Using these properties, the proof follows in the same manner as in Proposition A.8.
The finite quotients of 3-nilmanifolds have been classified [DIKL] . If M is double covered by N k , but is not itself a nilmanifold, then k is even and M is diffeomorphic to H/ Γ k , τ k where To see this, look at the list of quotients given in [DIKL] and note that only item 2 of the list is a double cover.
Every such manifold supports a partially hyperbolic diffeomorphism, as evidenced by the map This map also shows that N k supports a partially hyperbolic diffeomorphism for every k (even or odd).
Proposition A.12. Suppose f M is a partially hyperbolic diffeomorphism on a 3-manifold M with a fundamental group which is virtually nilpotent and not virtually abelian. Then, there is a subgroup Γ < Aff(H), and a partially hyperbolic automorphism Φ : H → H such that Φ descends to a map Φ M : H/Γ → H/Γ which is leaf conjugate to f M .
Proof. As shown in [Par] , M is finitely covered by a circle bundle over the torus. As the fundamental group is not virtually abelian, the circle bundle is non-trivial and such nontrivial circle bundles are exactly the nilmanifolds N k . Then, f M is dynamically coherent by [HP, Theorem 1.2] .
The proof in this case now follows almost exactly as the proof of Proposition A.10, but with R 3 replaced by H. The relevant theorem of Bieberbach used to construct an affine map g also holds in the case of nilmanifolds, as proven by Lee and Raymond [LR] . Partial hyperbolicity of g with |λ 1 | < |λ 2 | = 1 < |λ 3 | is proven in [H 2 ].
Appendix B. On center-stable tori
This appendix treats partially hyperbolic diffeomorphisms admitting center-stable or center-unstable tori. The first subsection proves Proposition 3.5. In the second subsection the case of absolute partial hyperbolicity is discussed: it is shown that under this more restrictive definition, the existence of such tori is not possible. This allows to recover the main result of [BBI 2 ] without (explicit) use of quasi-isometry and extend it to the case of suspension manifolds.
B.1. Proof of Proposition 3.5.
Proof of Proposition 3.5. Assume that F cs has a leaf L which projects down to a compact surface T in M. As T is tangent to E cs it admits a foliation without circle leaves and thus must be a torus. Since L is homeomorphic to a plane, the torus T is incompressible. If L 1 and L 2 are leaves of F cs which project to tori, item (5) of Theorem 3.1 shows their projections are disjoint modulo isotopy. By classical results in 3-manifold topology, there are finitely many disjoint incompressible tori modulo isotopy, so by replacing the diffeomorphism f on M by an iterate, assume f (T ) is isotopic to T . Take x ∈ T and consider a sequence n k such that x k = f −n k (x) converges. Lift x k to a convergent sequencex k in the coverM and lift each torus T k = f −n k (T ) to a leaf L k in F cs throughx k . As shown by [BI, Lemma 7 .1], these lifts L k converge in the C 1 topology to a leaf L ∞ in F cs . Since there is a subgroup Γ isomorphic to Z 2 of deck transformations which fix all the leaves L k this group Γ also fixes L ∞ .
Projecting down, the limit leaf T ∞ ⊂ M contains a copy of Z 2 in its fundamental group and is therefore compact ( [Ri] ). Arguing as above, T ∞ is a torus. Construct a normal neighborhood N of T ∞ consisting of small unstable segments. Then, there is an arbitrarily large iterate f −ℓ which maps a torus T k 1 to T k 2 where both tori are arbitrarily close to T ∞ . This shows that f −ℓ (N) ⊂ N and therefore there is a normally repelling f -periodic torus tangent to E cs inside N.
Corollary B.1. Assume f : M → M is a partially hyperbolic diffeomorphism such that the bundles E s , E c , E u are orientable then M admits a foliation without compact leaves.
Proof. If M admits an invariant torus tangent to E cs or E cu , it is one of the manifolds listed in [RHRHU 1 ], all of which have admit foliations without compact leaves. Otherwise, the result follows by Propositions 3.4 and 3.5.
B.2. Absolute partial hyperbolicity and center-stable tori. To end this appendix, we give a different proof of the main result of [BBI 2 ], which also applies to solvmanifolds. A partially hyperbolic diffeomorphism f : M → M with splitting T M = E s ⊕ E c ⊕ E u is absolutely partially hyperbolic if there exist constants 0 < γ 1 < 1 < γ 2 and N > 0 such that for every x ∈ M:
Theorem B.2. Let f : M → M be a partially hyperbolic diffeomorphism admitting a two dimensional f -periodic torus T tangent to E cs . Then, f is not absolutely partially hyperbolic.
Proof. Assume T cs is an f -invariant torus tangent to E cs . Then, the dynamics in T cs must be semiconjugated to a certain linear Anosov diffeomorphism A of T 2 (see [RHRHU 1 ]). The entropy of f | T cs is at least as big as the entropy of A. Using the variational principle and Ruelle's inequality (see [M] ), for every ε > 0 there is an ergodic measure µ ε such that the center Lyapunov exponent of µ ε is at least h top (A) − ε.
On the other hand, adapting the proof of Lemma 4.5 in [H 2 ] shows that the asymptotic rate of expansion along the center (i.e. γ 2 ) is strictly smaller than than the largest Lyapunov exponent of A which equals h top (A). This gives a contradiction.
As a consequence we obtain that every absolutely partially hyperbolic diffeomorphism of a 3-manifold with (virtually) solvable fundamental group is dynamically coherent.
